In the present paper, the positivity of a multi-dimensional difference operator in the half-space is considered. The structure of fractional spaces generated by this operator is investigated. The equivalence of the norms of these fractional spaces and Hölder spaces is proved. In applications, the stability of difference schemes for elliptic differential equations is presented.
Introduction
The role played by the positivity of differential and difference operators in Banach spaces in the study of the stability of solutions of boundary value problems for partial differential equations and the stability of difference schemes for partial differential equations, and of summation Fourier series converging in C-norm is well known (see [-] ).
Recall that an operator A densely defined in a Banach space E with domain D(A) is called positive in E, if its spectrum σ A lies in the interior of the sector of angle ϕ,  < ϕ < π , symmetric with respect to the real axis, and, moreover, on the edges of this sector S  (ϕ) = {ρe iϕ :  ≤ ρ ≤ ∞} and S  (ϕ) = {ρe -iϕ :  ≤ ρ ≤ ∞}, and outside of the sector the resolvent (A -λI) - is subject to the bound (see [] ) (A -λI)
where I is the identity operator. The infimum of all such angles ϕ is called the spectral angle
of the positive operator A and is denoted by ϕ(A) = ϕ(E, A).
Throughout the present work, we will indicate with M positive constants which can be different from time to time and we are not interested in precise. We will write M(α, β, . . .) to express the fact that the constant depends only on α, β, . . . .
The theory of differential and difference operators in Banach spaces and their related applications have been investigated by many scientists (see, for example, [-]).
Great progress has been made in the study of structure of interpolation spaces generated by positive operators from the view-point of the stability analysis of high-order accuracy difference schemes for various partial differential equations. However, the positivity of difference operators and structure of fractional spaces generated by these operators in Banach spaces are not well investigated in general. Therefore, the investigation of structure of fractional spaces generated by positive difference operators in Banach spaces and its applications to the stability of difference schemes for various partial differential equations is an important subject.
For a positive operator A in the Banach space E, let us introduce the fractional spaces E α = E α (E, A) ( < α < ) consisting of those v ∈ E for which the norms 
Thus, from the positivity of operator A in the Banach space E follows the positivity of this operator in fractional spaces
In [], Simirnitskii and Sobolevskii considered the difference operator A x h which is an elliptic difference operator of an arbitrary high order of accuracy approximating the multidimensional elliptic operator A
Let us define the grid space R n- h ( < h ≤ h  ) as the set of all points of the Euclidean space R n- whose coordinates are given by
The number h is called the step of the grid space. A function defined on R n- h will be called a grid function. To the differential operator B with constant coefficients of the form
we assign the difference operator
which acts on functions defined on the entire space R n- h . Here, s ∈ R (n-) is a vector with nonnegative integer coordinates,
and e k is the unit vector of the axis x k . An infinitely differentiable function of the continuous argument y ∈ R n- that is continuous and bounded together with all its derivatives is said to be smooth. Let ϕ(y) be a smooth function on R n- . Using the Taylor expansion of ϕ(y), one can show that
Here, the grid function ϕ(x) and A function of a continuous [resp., discrete] argument that decays at infinity faster than any negative power of |y| [resp., |x|] is said to be rapidly decreasing. Let us define the Fourier transform of a grid function f h (x) by the formulã
This formula defines a πh - -periodic smooth function of the continuous argument ξ whenever f h (x) is a rapidly decreasing grid function. In this last case, () is just a Fourier series expansion of the functionf (ξ ) and the numbers f h (x) are the Fourier coefficients,
given by the formula
The inverse Fourier transform of a πh - -periodic function ϕ(ξ ) is defined to be the grid functionφ h (x) given by the formulã
Equations () and () establish a one-to-one correspondence between rapidly decreasing grid functions of a continuous argument. In particular, if f h (x) is a rapidly decreasing grid function, then
If f h (x) is a rapidly decreasing grid function, then the grid function B x h f h (x) exists and is given by () and we have the equality 
Let us give the difference operator A x h by the formula
The coefficients are chosen in such a way that the operator A x h approximates in a specified way the operator
We shall assume that for |ξ k h| ≤ π and fixed
In [], Danelich considered the difference elliptic operator A x h which is to an arbitrary high order of accuracy approximating the multi-dimensional elliptic operator A x defined by
with the domain
Here, δ >  is the sufficiently large number and a(x) is a continuous function defined on
Let us define the grid space R
as the set of all points of the space R + n whose coordinates are given by
The number h is called the step of the grid space. A function ϕ h (x) defined on R + hn will be called a grid function. To the differential operator A x defined by (), we assign the difference operator
which acts on functions defined on the entire space R satisfies the inequalities
()
For the definition of the operator A x h , we will define ϕ h (x) which is extended to ϕ h (x) defined on R + hn and additionally on the points
and
The coefficients α s,k are chosen in such a way that the expression
approximates in a specified way the expression ϕ (k) (x , ). The coefficients a In the present paper, a Green's function is assigned. The organization of the present paper is as follows. In Section , the main theorem on the structure of fractional spaces
) generated by A x h is investigated. In Section , applications on theorems on well-posedness in a Hölder space of parabolic and elliptic problems are presented. Finally, the conclusion is given.
Green's function

Theorem  [] Suppose that assumptions (). Let the function a(x) satisfy the estimate
Then, for sufficiently large positive δ and Re λ ≥ , there exists a unique solution of the resolvent equation
and the following formula:
holds. Here, G h (x, y; λ) is the Green's function of the resolvent equation ().
Lemma  The following identities hold:
where v h (x) is the solution of the following problem:
()
Proof We consider the problem
We have
is the solution of (), we get
Identity () is proved. Since v h () = , we have
Thus follows (). Lemma  is proved.
For any x  ∈ R + hn , we have
where G 
for m < n, and its derivatives respect to x 
By () and (), we obtain the estimate
Moreover, applying the Green's function of A x h the following results were proved. 
Theorem  []
with the spectral angle ϕ(A
hn ) be the Hölder space of all mesh functions ϕ h (x) defined on R + hn satisfying a Hölder condition with the indicator β ∈ (, ) with the norm
One proved the strong positivity of A 
Theorem  Suppose mα ∈ (, ). Then the norms of the spaces E
Proof Assume that f h ∈Ċ mα (R + hn ). Let x ∈ R + hn and λ >  be fixed. Using equation () and identity (), we can write
Since f h (x  , . . . , x n- , ) = , we have
Using equation () and the triangle inequality, and the definition of theĊ mα (R + hn )-norm, we have
We will estimate I i , i = , , , separately. First, let us estimate I  . Clearly, using the estimate
we get
for any λ > .
We will consider two cases: λ > Lh -m and λ ≤ Lh -m . First, let λ > Lh -m . Using estimate (), we have
for any λ >  and x ∈ R + hn . From estimate () and the following inequality:
it follows that
for any λ >  and x ∈ R + hn . Combining estimates ()-(), we get
for any λ >  and x ∈ R + hn . Second, let λ ≤ Lh -m . We consider three cases: m > n, m = n, and m < n.
In the first case, using estimate (), applying inequality (), and the definition of thė C mα (R + hn )-norm, we have
for any λ >  and x ∈ R + hn . In the second case, applying estimate (), and inequality (), we have
for any λ >  and x ∈ R + hn . In the third case, using estimate () we obtain
for any λ >  and x ∈ R + hn . Estimates ()-() result in
for any λ >  and x ∈ R + hn . From estimate () and inequality () it follows that
for any λ >  and x ∈ R + hn . Combining estimates (), (), and (), we have
for any λ >  and x ∈ R + hn . Combining estimates () and (), we get
Now, we will prove the opposite inequality. Using the definition of
It follows from equation () and equation () that
hn be fixed. We will consider two cases: λ > Lh -m and λ ≤ Lh -m . First, let λ > Lh -m . Using equation () and Lemma , we have
From the triangle inequality and the definition of the
.
We will estimate L  and L  . Let us estimate L  . From the Lagrange theorem and estimate (), we have, for some x * between x, x + τ ,
for any λ >  and x ∈ R + hn . Let us estimate L  . The Lagrange theorem, estimate (), and the inequality () yield
for any λ >  and x ∈ R + hn . Then, combining estimates () and (), we get
Second, let λ ≤ Lh -m . We will estimate L  and L  . Let us estimate L  . We consider three cases: m > n, m = n, and m < n. When m > n we consider two separate cases: m - = n and m - > n. First, let m - > n. From the Lagrange theorem, estimate (), the inequality () we have, for some x * between x, x + τ ,
for any λ >  and x ∈ R + hn . Second, let m - = n. From the Lagrange theorem, estimate (), and the inequality (), we have, for some x * between x, x + τ ,
for any λ >  and x ∈ R + hn . In the cases m = n and m < n, we have a situation where m - < n. Using the Lagrange theorem, estimate (), we have, for some x
for any λ >  and x ∈ R + hn . Then, combining estimates ()-(), we get
for any λ >  and x ∈ R + hn . Let us estimate L  . We consider three cases: m > n, m = n, and m < n. First, let m > n. Using the triangle inequality, estimate (), we get
for any λ >  and x ∈ R + hn . Second, let m = n. From the triangle inequality, estimate () it follows that
for any λ >  and x ∈ R + hn . Third, let m < n. Using the triangle inequality, estimate (), we have
Then, combining estimates ()-(), we have
Estimates () and () yield
Combining estimates () and (), we obtain
From estimates () and () it follows that
This is the end of the proof of Theorem .
From Theorem  and Theorem  follows the following result.
Theorem  A x h is a positive operator in the spaceĊ
β (R + hn ), β ∈ (, ).
Applications
Now, we present some applications of Theorems -. First, we consider the difference schemes for the approximate solution of problem
Here, a r (x), a(x), ϕ(x), ψ(x), and f (t, x) are sufficiently smooth functions and they satisfy all compatibility conditions which guarantee that problem () has a smooth solution u(t, x). 
for an infinite system of ordinary differential equations.
In the second step, we replace problem () by the difference scheme
for the approximate solution of boundary value problem ().
Theorem  Let  ≤ μ < . Then the solution of difference scheme () satisfies the following stability estimate:
The proof of Theorem  is based on Theorem  and Theorem , on the positivity of the difference operator A x h in the Banach spaceĊ μ h for  ≤ μ < , and on the following abstract theorem on the stability of the difference scheme
for the approximate solution of the abstract boundary value problem ().
Theorem  []
Let A be a positive operator in a Banach space E. Then, for the solution of difference scheme (), the following stability inequality holds:
